where the bars indicate residues. Since K is algebraically closed in K' 9 we have Cί £ K; and α € 0, since 0 is integrally closed. Hence 0* is integrally closed.
Let P be the set of ( X G 0* having residue 0. Then P is a prime ideal. From the definitions one obtains whence 0* is at least {n+ 1 Vdimensional. If P' is a prime ideal in 0*, P' Φ then P' 3 P I n fact, let g G P ' since g is 0*, we have v(g) = s >_ 0, where t> is the given valuation (and the group of integers is the valuation group). Then the (s + 1 )th power of any element in P is divisible by g, whence ? C f, From this it follows that 0* is at most (n + l)-dimensional 
Finally, let (0) C P ι C P 2 C C P s C (1) be a chain of prime ideals in 0*[%]. Let Pi be minimal; then P t n 0* = (0), as otherwise
Similarly one concludes that if no chain of prime ideals P ' C P " can be inserted between (0) and P 2 , then (a) Let O\ 0, P, p be the images of 0\ 0, P, p, respectively, under a homomorphism with kernel contained in P. Then dim P = dim P.
In fact, O'/P = 0 VP and 0/p = 0/p; also P n 0 = p.
(b) Let M be a nonempty multiplicatively closed system in 0 not meeting p,
In fact, the rings O'/P and 0^/0^ P have the same quotient field, as do the rings 0/p and 0^/0^ p. Note also that 0^ P n 0^ = 0^ p, whence the required equality follows.
Let P u P 2 be two prime ideals in 0\ Pγ C P 2 , pi = P t n 0, i = 1, 2. We want to compare dim Pi with dim P 2 . If p t =P 2 > then, passing to a residue class ring, we may assume p χ -p 2 = (0). Taking M -0 -(0), we pass to the quotientring Oy, which is a finite integral domain. Thus dim P t > dim P 2 if p t = P 2
This conclusion holds also if p t C p 2 provided O is a multiplication-ring.
(c ) If Pi and P 2 are prime ideals in 0 [ x t , , x n ] and Pγ C P 2 , then
provided that 0 is a multiplication-ring.
In fact, we may suppose p C p , and have only to prove the second point.
Also, by (b), we may pass to any quotient-ring Oy, where M does not meet p 2 .
Taking M = 0 -p 2 , we may assume that 0 is a valuation-ring and that p 2 is its ideal of non-units. Let zι, 9 z r be elements of 0' which are algebraically dependent mod Pi over 0. Then they are also dependent mod P 2 . In fact, let /(*"...,z r )s Proof. We may suppose 0 to be integrally closed. In that event, 0 is a multiplication-ring, by [3, Theorem 8 ]. The present theorem now follows immediately from the preceding corollary. . p C P.
We also have the converse. A study of algebraic extensions of 0 must therefore separate the cases that there lie n prime ideals over {x) 9 namely (x $ y-α^), since (0, α;) is a point of y n -1 + x. Going up to S, we see that there exist at least n prime ideals over {x). Every prime ideal in 0 which differs from (0) contains x, and there are infinitely many such ideals. We now verify immediately that 0 is a ring of the required type.
